The goal of comparison is to reveal the difference of compared objects as fast and reliably as possible. In this paper we formulate and investigate the unambiguous comparison of unknown quantum measurements represented by non-degenerate sharp POVMs. We distinguish between measurement devices with apriori labeled and unlabeled outcomes. In both cases we can unambiguously conclude only that the measurements are different. For the labeled case it is sufficient to use each unknown measurement only once and the average conditional success probability decreases with the Hilbert space dimension as 1/d. If the outcomes of the apparatuses are not labeled, then the problem is more complicated. We analyze the case of two-dimensional Hilbert space. In this case single shot comparison is impossible and each measurement device must be used (at least) twice. The optimal test state in the two-shots scenario gives the average conditional success probability 3/4. Interestingly, the optimal experiment detects unambiguously the difference with nonvanishing probability for any pair of observables.
I. INTRODUCTION
Unavoidable randomness is one of the most important paradigms of quantum theory. As a consequence, its typical predictions and conclusions have a statistical and probabilistic essence. However, there are exceptions [2, 3, 4, 5] . For example, a photon passing through a vertical polarizer will pass the second vertical polarizer with probability 1. In such "certain" cases, the goal is not to acquire a complete description of quantum systems, but rather to identify some features of interest. In this paper we investigate a variant of an unambiguous quantum comparison problem [6, 7, 8, 9] , i.e., a task in which the aim is to compare a pair of quantum devices.
It is an interesting question how the quantum systems can be compared and which of the quantum properties are comparable. For example, the velocity of quantum particles is a well defined property only under very specific conditions. In general, the probability distribution of velocities is the correct description of the dynamical properties of quantum particles. Therefore, in quantum case it is typical that the comparison problem is naturally a statistical problem. This is in contradiction with the usual approach to comparison tasks, which are based on individual events rather than on statistics. It could seem counter-intuitive, but individual experimental clicks can provide us with a definite and unambiguous answer even if the description is statistical. In general, the goal is to design an experiment accepting quantum devices as free parameters and producing events we can associate with three conclusions: i) same, ii) different, and iii) no conclusion.
So far, the unambiguous comparison problem has been studied in the cases of pure states [6, 8] and unitary channels [7, 9] . In this paper we analyze the unambiguous comparison of quantum measurements. Suppose that we are given a pair of experimental setups implementing qubit measurements, each of them designed by a different experimentalist. Is there a way to unambiguously compare their performance? Especially, are they same or different? As independent experimentalists we can think of these experimental setups as black boxes, producing outcomes after a qubit is inserted. Our conclusions then have to be based on the acquired measurement outcomes.
For quantum measurements, there are two natural variations of the comparison problem. First of all, we can ask whether the given black boxes are identical. This means that they produce the same measurement outcome statistics in any state. In particular, also the labeling of the outcomes is similar. For instance, two Stern-Gerlach apparatuses oriented in opposite directions are considered to be different in this strict sense. However, they can be made identical by simply re-labeling the outcomes in one of them. Thus, the other way to compare two black boxes is to ask whether they are equivalent, i.e., identical after suitable re-labeling of the outcomes.
As an example, suppose we are comparing whether two Stern-Gerlach apparatuses are identical. A singlet state of two qubits inserted into the measurements cannot lead to the same outcomes unless the measurement devices (including the labeling) are different. If labeling of the outcomes is not given or it is part of the comparison problem, then we can perform this singlet-based test for all possible labelings independently. Finding the same unambiguous conclusions in all of them leads to a conclusion also for measurements without apriori labels. Since for each of the Stern-Gerlach apparatuses we have two different choices of labels, we need to perform the singlet-based comparison four times, i.e. each of the apparatuses is used 4 times. We will show that there are also better strategies in which each of the unlabeled apparatuses is used only twice.
The paper is organized as follows. In Section II we shortly recall the mathematical description of quantum observables. Sections III and IV explain the concepts of unknown quantum measurement apparatuses and apriori information. The unambiguous comparison of measurements with labeled outcomes is presented in Section V and for apparatuses with unlabeled outcomes in Section VI. In the last Section VII we summarize the obtained results. Some of the techical details are given in the Appendix.
II. OBSERVABLES
The statistics of quantum measurements is described by positive operator valued measures (POVM). In what follows we consider only measurements with finite number of outcomes. For simplicity, we assume that these outcomes form an index set J n = {1, . . . , n}. The associated POVM is a mapping A from J n into the set of effects E(H), i.e. a set of positive operators E on Hilbert space H such that O ≤ E ≤ I, where O is the zero operator and I is the identity operator. Moreover, the POVM is normalized to identity i.e. A 1 + · · · + A n = I, where A i ≡ A(i). The effects serve as a proper mathematical representation of observed quantum events (experimental clicks). A probability to observe an effect E is given by the trace formula
where ̺ is a state of the measured quantum system. For an operator X, we denote by Π X the projection onto the support of X. For effects and states we then have E ≤ Π E and ̺ ≤ Π ̺ . Moreover, the condition tr [̺E] > 0 is equivalent to Π E Π ̺ = O.
We say that observable is sharp if each effect composing the POVM is a projection, i.e., E j = E 2 j for all j. If, moreover, E j H is a one-dimensional subspace of H for each j, then the observable is non-degenerate. In such case we can write E j = |ψ j ψ j | ≡ ψ j and ψ j | ψ k = δ jk . In fact, each orthonormal basis of the Hilbert space defines a sharp non-degenerate POVM. We denote by M the set of all non-degenerate sharp observables. It is closed under the action of the unitary group
III. UNKNOWN BLACK BOX
We shall think of an unknown measurement apparatus as of a black box accepting physical systems and producing one of n distinguished outcomes. For sharp non-degenerate observables each of the outcomes is associated with a one-dimensional projection. We distinguish two types of black boxes leading to two different concepts of equivalence of observables and affecting the formulation of the comparison problem, too. In principle, we can meet with measurement outcomes that are either labeled, or not. If the outcomes are not labeled, we assign a number j ∈ J n to each of them. However, in such case the ambiguity of relabeling must be taken into account and equivalence of observables should be compatible with this freedom. Let us spell these definitions explicitly. Definition 1. Observables A : J n → E(H) and B : J n → E(H) are identical if A j = B j for all j.
Definition 2. Observables A : J n → E(H) and B : J n → E(H) are equivalent (in the unlabeled sense) if there exist a permutation π : J n → J n such that A j = B π(j) for all j.
It follows from the definition that equivalence class of an unlabeled observable consists of POVMs with the same range, i.e. the elements of the set of unlabeled measurements can be understood as unordered collections of effects summing up to identity. The comparison of unlabeled measurements can hence be seen as a comparison of ranges of POVMs.
A single usage of a measurement device tells us that an effect E associated with the observed outcome has support overlapping with the support of ̺, i.e. Π E Π ̺ = O. However, in the unlabeled case this information does not tell us too much about the particular effect associated with the observed outcome. Let us consider an unlabeled measurement described by effects {A 1 , . . . , A n } forming a particular POVM once the ordering is fixed. In fact, since we assume that the labeling is chosen in random way, for each artificially named outcome the predicted probability is the same, i.e.
where we used the fact that n! is the total number of permutations on J n , (n−1)! is the number of them having a specific label j ′ on the fixed (jth) position. Using the apparatus once more we can distinguish whether the observed outcomes coincide, or not. After fixing the labels 1, . . . , n of the measurement device, the probability to observe a pair of outcomes j, k reads
where (n − 2)! is the number of permutations resulting in fixed operators A j ′ , A k ′ for outcomes j, k. Let us note that the values of p jk do not depend on particular values of j, k, but only on their relative relation whether j = k, or j = k. Consequently, the probability to find the same/different outcomes in two shots reads
We used the fact that for n-valued measurement used twice there are in total n pairs of same outcomes and n(n − 1) pairs of different outcomes. In this two-shot scenario the probabilities p same , p diff depend on particular properties of effects A 1 , . . . , A n , hence they contain some information about A.
IV. APRIORI INFORMATION
From now on, we assume that otherwise unknown measurement apparatuses are described by sharp nondegenerate observables. This assumption represents a very important part of our apriori information. As such, they are in direct correspondence with orthonormal bases and have the same number of outcomes as the dimension of the Hilbert space (n = d). If the outcomes are labeled, then due to our apriori information a particular sequence of outcomes j = (j 1 , . . . , j r ) ∈ J d × · · · × J d can be observed in r usages of the apparatus with the average probability
Further, let us discuss how the considered apriori information affects the formulas for probabilities in the unlabeled case. For the purposes of later analysis it is sufficient to investigate only the experiments in which the apparatus is used at most twice. Thus, if the observable is unlabeled and r = 2, then the average probability to observe the outcomes j, k reads
where p jk (A U ) is specified in Eq.(3.1). Since
where dψ ⊥ denotes the integration over all vectors orthogonal to ψ. To simplify the expressions we replaced the integration over unitary group by integration over pure states ψ. In summary, we get
We see that p jk and p jj do not depend on particular values of indexes j, k, which are anyway chosen by us and cannot be distinguished. As before, we can discriminate only whether the outcomes are the same, or different, with probabilities given by formulas
In comparison, for labeled observables in two shots we distinguish d 2 different outcomes with probabilities
V. COMPARISON OF LABELED OBSERVABLES
In the considered measurement comparison problem we are given a pair of measurement devices measuring some non-degenerate sharp observable A and B. In this section we assume that the outcomes of these devices are labeled by numbers 1, . . . , d. We start with the simplest experimental scenario in which each of the apparatuses is used only once. Our goal is to find a test state ̺ and divide the potential outcomes (j, k) into three families associated with three conclusions: i) observables are identical, ii) observables are different (not identical), iii) no conclusion (inconclusive result).
Using a pair of labeled measurements (each of them once) we distinguish d 2 different outcomes (j, k) appearing with probabilities q jk that depend on the equivalence of A and B
Our a prior information manifested in the integration dU causes that probabilities p jk (A = B) and p jk (A = B) do not depend on particular values of j, k, but only on their mutual relation j = k, or j = k. That is, whatever test state is used, we can split the outcomes at most into two classes, hence only two out of three conclusions can be made.
In general, conclusion y based on the observation of an outcome x is unambiguous, if for all possible options except y the conditional probability p x (z = y) vanishes. Since in our case the outcomes (j, k) are divided into two subsets, x ∈ {same, diff}, in order to conclude that the observables are different the condition q x (A = B) = 0 must hold for some outcome x. Similarly, if we can conclude that A = B, then there must exist an outcome x such that q x (A = B) = 0. We refer to such conditions as the unambiguous no-error conditions. Their validity is necessary in order to call formulation and solution of the problem unambiguous. Outcomes not associated with unambiguous conclusions lead to an inconclusive result. The smaller is the probability of the inconclusive outcome the better is the solution.
Let us note that
where P + 1...k is the projection onto the completely symmetric subspace of H ⊗k and
where we used H ⊥ ψ to denote the subspace of H orthogonal to |ψ ∈ H.
We will use these identities in the evaluation of the probabilities p jj and p jk . In particular,
We see that if the measurement devices are different (A = B), then for all test states ̺ the probabilities q jj (A = B) and q jk (A = B) do not vanish for any outcome. Because of that the equality of the observables cannot be concluded unambiguously.
Denoting by P − 12 = I ⊗ I − P + 12 the projection onto the antisymmetric subspace of H ⊗ H we can rewrite
Since this is positive full-rank operator it follows that also q jk (A = B) > 0 for all test states. Therefore, the occurence of different outcomes cannot be used to unambiguously conclude that the measurements are different. However, q jj (A = B) = 0 if Π ̺ ≤ P − 12 , hence using a test state supported on the antisymmetric subspace and observing the same outcomes implies that A = B with certainty.
In summary, the identicality of unknown sharp nondegenerate observables cannot be unambiguously confirmed if each of the labeled apparatuses is used only once. Using an antisymmetric test state ̺ and observing the same outcomes on both apparatuses lead us to unambiguous conclusion that the apparatuses are different. For fixed observables A = B the conditional probability of unambiguous conclusion reads
On average
This value gives the average conditional success probability for revealing the difference of the compared labeled non-degenerate observables. It is independent of the used test state, however, the unambiguous no-error conditions restricts the possible test states to so-called antisymmetric states, i.e. those supported only in the antisymmetric subspace spanned by P − 12 . Let us stress that if we choose a test state ̺ =
VI. COMPARISON OF UNLABELED MEASUREMENTS
In this section we assume that the outcomes of measurement devices are not labeled. As previously, our goal is to design an experiment from which we are able to unambiguously conclude whether these apparatuses are same or not. But same now means that the observables are equivalent in the unlabeled sense.
Consider a pair of known but unlabeled measurements A and B. A single usage of each of the apparatuses leads us to outcome j on A-apparatus and a on B-apparatus with probability
Since this probability is independent on whether A = B or A = B none of the outcomes can be used to make a conclusion. In fact p j,a is independent of particular observables at all. Hence, we need to use the unlabeled apparatuses more times. In particular, if each of them is used twice, then
where
and similarly for B same and B diff . We see that irrespectively whether A = B or A = B probability p jk,ab depends only on the mutual relation of the outcomes j, k and a, b of the two usages of the measurement A respectively B. Hence, it is meaningful to distinguish at most four corresponding classes of outcomes.
For unknown A and B (A = B) restricted to be non-degenerate sharp observables the probability to find the same outcomes on apparatus A and the same outcomes on apparatus B, respectively, can be expressed as p same,same = tr ̺O A =B same,same with
where the factor d 2 stands for the number of same outcome pairs that can be observed on individual apparatuses and we used the definitions
Similarly, for other outcomes we find that 
where, in the second term the integration over dψ ⊥ runs over all vectors orthogonal to a fixed ψ. In a general case the operators O
where for simplicity we do not write explicitly the Haar measures dψ, dψ ′ , dψ ⊥ , dψ = 0, hence, in two shots we cannot unambiguously conclude that the apparatuses are the same. We can only approve the difference of measurement devices.
In what follows we are going to specify for which test states and for which outcomes x, y ∈ {same, diff} the noerror conditions tr ̺O A=B x,y = 0 are satisfied and simultaneuously, whether the associated conditional success probability rates p success = p x,y = tr ̺O 
where Q same,same = O, Q diff,diff = Q same,diff = Q diff,same are projections forming the relevant parts of the supports of potential test states ̺ enabling us to conclude the difference. That is, we shall see that three out of four outcomes can be used to make the unambiguous conclusion.
A. Osame,same
Evaluating the operator O A=B same,same we obtain
where same,same . In summary, an observation of pairs of same outcomes on both apparatuses cannot be used to make any unambiguous conclusion, because Q same,same = O.
B. O diff,diff
In this case our aim is to show that Q diff,diff = O. For qubits there are at most two mutually orthogonal vectors, hence Using the same arguments as for R 12−34 we find that R 13−24 P + 24 is supported on P ⊗4 for qubits is 16-dimensional, it follows that test states satisfying the no-error conditions live in a three-dimensional subspace. In Appendix A 1 it is shown that this subspace is a linear span of vectors
where |ψ
and arbitrary test state ̺ ≤ Q diff,diff satisfies the no-error condition.
Let us optimize the conditional probability Arbitrary pure state |ϕ ∈ Q diff,diff is an eigenvector of projections P . Therefore, the probability is independent of the test states ̺ ≤ Q diff,diff and reads
For qubits
, and since P 
D. O diff,same
There is no substantial difference in the analysis of this case and the previous one. We only need to exchange the role of pairs of indexes 12 and 34. Therefore, there exists a unique vector |ϕ
. Surprisingly, we shall see that |ϕ ′ Q ≡ |ϕ Q , which means that the same test state |̺ Q guarantees the unambiguity of both outcomes
On the systems j and k we define a singlet vector as |ψ
(|01 jk −|10 jk ). After a short calculation one can verify that the vector Using |ϕ Q as the test state we get
Similarly, we find
Since P This gives a better success rate than we achieved for the outcome O diff,diff . Unfortunately, |ϕ Q ∈ Q diff,diff . In conclusion, p = 4/9 is the optimal value of the average success rate for unambiguous comparison of unlabeled qubit non-degenerate sharp observables in two shots.
Consider a pair of observables
The success probability of revealing their difference using the test state |ϕ Q reads
Let us note that in a fixed orthonormal basis |ψ , |ψ ⊥ the test state |ϕ Q takes the form
Since ϕ Q |O same,diff |ϕ Q = ϕ Q |O diff,same |ϕ Q the success probability reads
It vanishes only if θ = 0, or θ = π/2, hence ψ ≡ ϕ, or ψ ≡ ϕ ⊥ , respectively. As a result we get that the optimal test state detects unambiguously the difference for any pair of non-equivalent sharp qubit observables with strictly nonzero success probability. The actual probability depends on the angle between the observables. In fact, if sharp qubit POVMs are understood as ideal SternGerlach apparatuses, then α = 2θ is the angle between the measured spin directions. The probability achieves its maximum for orthogonal spin directions as one would expect.
VII. SUMMARY
We have investigated the problem of unambiguous comparison of quantum measurements. We restricted our analysis to subset of sharp non-degenerate observables that can be associated with non-degenerate selfadjoint operators. Let us note that without any restriction the comparison problem has only a trivial solution.
We distinguished two different types of measurement apparatuses depending whether the labels of their outcomes are apriori given, or not. We give solution to single shot comparison of labeled measurements in arbitrary dimension. For unlabeled measurements the single usage of each of the apparatuses is not sufficient. In the two shots scenario we find solution for unlabeled qubit measurement apparatuses. In both cases, the unambiguous confirmation of the equivalence of measurements is not possible. Similarly, as in the case of pure states and unitary channels, also for sharp non-degenerate observables only the difference can be unambiguously concluded.
In summary, for the measurement apparatuses with labeled outcomes the optimal procedure exploits the socalled antisymmetric test states. For any such test state ̺ the success is associated with the observation of the same outcomes. The difference of observables can be concluded with the average conditional probability
In the case of unlabeled measurements individual outcomes can be associated with an unambiguous conclusion only if the support of the test state belongs to at least one of the subspaces spanned by projections 1 − Π A=B x,y , x, y ∈ {same, diff}. We showed that only part of the test state acting on the support of the projections Q same,same = O, Q diff,diff and Q same,diff = Q diff,same = |ϕ Q ϕ Q | may contribute to the success probability. Out of these possibilities, it turns out that the optimal test state is
for which the average conditional probability of the unambiguous conclusion equals
Using such test state and finding on one of the measurement different outcomes, whereas on the second the same outcomes, we can conclude with certainty that the apparatuses are different. This scheme is illustrated on Fig. 1 .
Let us compare these success probabilities with the comparison problem for pure states and unitary channels. In particular, for single shot comparisons
We see that unlike for states and channels the success rate for comparison of labeled measurements vanishes as the dimension is increasing. Unfortunately, for unlabeled measurements on systems of larger dimensions the situation is more complex and two shots are not sufficient to make any unambiguous conclusion. The problem is still open and will be analyzed elsewhere.
APPENDIX A: SUBSPACES
In this appendix we shall analyze the subspaces of four quantum systems H ⊗4 , especially four qubits. Let us start with the simpler case of H ⊗ H. Denote by |j the basis of H and define
These vectors form an orthonormal bases of symmetric and antisymmetric subspaces of H ⊗ H, i.e. they define the projections P For the purposes of this paper it is of interest to analyze the relation of the supports of projections P + 123 and P + 124 . The swap operator S 34 can be written as a composition S 34 = S 24 S 23 S 24 . Consider a vector |ϕ belonging to both subspaces, i.e. P + 123 ϕ = P + 124 |ϕ = |ϕ . For such vector S 12 |ϕ = S 13 |ϕ = S 14 |ϕ = S 23 |ϕ = S 24 |ϕ = |ϕ and therefore also S 34 |ϕ = S 24 S 23 S 24 |ϕ = |ϕ , hence the state ϕ is symmetric also with respect to exchange 3 ↔ 4. Consequently, it is invariant under the swap of arbitrary subsystems, i.e. it belongs to the completely symmetric subspace. Therefore, the greatest joint subspace of supports of P form an orthogonal basis of the support of Q 123 . These vectors are orthogonal to vectors |η j forming the completely symmetric subspace. In fact, they are completely symmetric only with respect to three indexes (123), but they not with respect to exchanges with the fourth qubit, hence, P 
